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ABSTRACT

In this article we consider two-dimensional first order piecewise linear systems of
difference equations. We are specific initial conditions of solutions in some parts of x axis.
Equilibrium point and 4 cycles are observed in each system. We use direct calculations to show
some characters of the systems and then use a single inductive statement to describe all
behaviors in each system. Behaviors of each system depend on initial condition. It is either
eventually equilibrium point or eventually prime period 4. We can determine that which parts
of x axis make solution being equilibrium point or periodic with period 4. These results will
be pieces of information to understand global behaviors of family in piecewise linear system
of difference equations.
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INTRODUCTION

The explanation of solution to a piecewise linear difference equation is not as
simple algebraically. Especially the stability of difference equations might require
Schwarzian derivative that function of the difference equations have to differentiable.
But piecewise linear difference equation is not differentiable. So, the stability theorem
with Schwarzian derivative cannot apply to them. An example of piecewise linear
difference equation is Tent map:

2x,, x,<1/2
= ’n:
2(-x,),x, >1/2

PR TR

x,—1/2.

The map is not derivative at 1/2. The system of difference equation with absolute
value has been studied in several authors such as Lozi (1978) hypothesized a
simplified version of Hénon’s map. The Lozi map is notable for having a strange
attractor. Devaney (1984, 1991) investigated Gingerbreadman map. He found that the
map is chaotic in certain regions and stable in others. For applications of difference
equations see Cannings et al. (2005) and Cull (2006). In Grove et al. (2012) the author
mentioned, an open problem, about the system of difference equations with absolute
value:

This map can be written in the form with absolute value as x,,, =1-2

X, =lx |+ay, +b,y, ,=x,+c|y, |+d,n=0,12,... €))
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where the parameters a,b,c and d are in the set {—1,0,1} and the initial condition
(x4, 1,) € R’. One way to explain behaviors of solutions to a piecewise linear system
of difference equation is look at the pattern of solutions as the following results. Grove
et. al (2012) show that every solution of a special case of system (1),
a=b=-1,c=1,and d =0, is eventually prime period-3 solutions except for the
unique equilibrium solution. Tikjha et al. (2010, 2017) found that the characters of
systems, a special case of system (1), is eventually periodic with some periods or the
equilibrium point. An article (Krinket & Tikjha, 2015) studied the system (1) for
a=b=-1, c=—land d =1with initial condition in y axis. They found that every
solution is eventually prime period 4. It is worth to make the generalization of this
problem by first looking at real parameter of b . In this article, we will investigate
system of difference equation:

-y,=b,y,. =x—-|y, |+,n=0,12,... )

X =

n+l1 X

n
where the parameter b is 2 or 3 with specific regions in x-axis. In the next section we
investigate system (2) with b=2 and initial condition belonging to a set

S, ={(x,y)|-1<x<0,y=0} . Then we will study system (2) with b=3 and
initial condition in S, = {(x, y)|—oo <x<-3and y= 0} . We will show that every

solutions of both systems with such initial conditions are eventually prime period 4.
The following terminologies (Grove & Ladas, 2005) are used in this article:

A system of difference equations of the first order is a system of the form
X, =fx,y)y,.,=8x,y,),n=012,... 3)

where f and g are continuous functions which map R” into R. A solution of the

system of difference equations (3) is a sequence {(xn, Vv, )}w

n=l

o which satisfies the
system for all n >0 . If we prescribe an initial condition (xo, yo) in R? then

(xl,yl) = (f(xo,yo),g(xo,yo)) , (xz,y2)= (f(xl,yl),g(xl,y1 )) , ... and so the
solution {(xn, Y, )}j:o of the system of difference equations (3) exists for all 7 >0

and is uniquely determined by the initial condition (xo R yo) . A solution of the system
of difference equations (3) which is constant for all >0 is called an equilibrium

solution. If (xn, yn) = ()_c,;) for all n >0 is an equilibrium solution of the system

(3), then (;,;) is called an equilibrium point, or simply an equilibrium of the system
of difference equations (3). A solution {(xn, Y, )}io of a system of difference

equations is called eventually periodic with prime period p or eventually prime period
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p solution if there exists an integer N > 0 and p is the smallest positive integer such

that {(xn Y, )}10 is periodic with period p; that is,

(xnw,ymp):(xn,yn) foralln > N.

The p consecutive point of the solution is called a p-cycle of system (3). We denote

a, b
c, d
. f
g, h

as 4-cycle which consists of 4 consecutive points: (a,b), (c,d), (e,f) and (g,h) in xy
plain. It is worth noting that solution is eventually periodic with period p when orbit
(forward iterations) contains a member of the cycle. This result would be an
information to study global behaviors of system (2) for any real parameter b.

MAIN RESULTS

This section we study two systems of piecewise linear difference equations.
Firstly, we will investigate system (2) with b =2, that is

=Y =2 Y =%,= 1Y, [+1,n=0,1,2,.. @)

X =

n+l1 X

n

and initial condition belong to §,. It is easy to verify that an ordered pair (—1, 0) is

a unique equilibrium point of system (4) and system (4) has two 4-cycles:

-5, =2 -1/3, 0
|5 O, -5/3, 2/3
ole, 0 Y| -1, —4/3

7, 10 1/3, -4/3

We will show that every solution of system (4) with initial condition in S, is
eventually prime period 4 by the following result.

Theorem 1. Let {(xn Y, )}DO:1 be solutions of system (4) and initial condition (xo, yo)

is in S, . Then the solution is eventually equilibrium point or prime period 4.
Proof. We will begin with the first three iterations of the solutions as follows:
X, =X |—=y,—2=-x,—-2<0and y, =x,— |y, | +1=x,+1>0,

x, =[x [-y,-2=-1 and y, =x—|y, |[+1=-2x,-2<0,
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X, =X, |—y,~2=2x,+1 and y; =x,—|y, |[+1=-2x,-2<0.

We can determine a sign of x,and y, by using the assumption of initial condition in
S, that is —1 < x, <0. We continue to iterate solution until x,and y, but we can’t
determine the sign of x,. If we restrict x, into —1<x, <—1/2 thenx, =—1and
¥, =0 which is equilibrium point. Thus, we can conclude that every solution of
system (4) with initial condition satisfies —1 <x, <—1/2 and y, =0 is eventually
equilibrium point. Suppose that initial condition (xo, yo)in remain region with x,
satisfies —1/2<x,<0 we have: x;=2x,+1>0. Then the next iteration
x,=4x,+1and y,=0. Again, we can’t determine X, is nonnegative or negative.
If we restrict x, into —1/4<x, <0, we have: x, =4x,+1>0. We continue five
more iterates, we have: x, =16x,+3 and y, =16x,+6 > 0. If we restrict x, into
—3/16<x,<0 then x,=16x,+320. Thus (x,,),)=(-5,-2)ep,. If
-1/4<x,<-3/16 then x,=16x,+3<0. After 5 iterations we have:
(xl4,y14) = (—5,—2) € P,,. Now the remain region is —1/2<x,<-1/4 and
¥, =0. We shall use a inductive statement to prove that when initial condition

satisfies —1/2<x, <—1/4and y, =0. The solution is eventually prime period 4.
The inductive statement contains some sequences as follows:
_1_22n—1 1_22n 7_22n+4 22n +5
ln: 271’un: z’an: 2n+4 n c bne Py
3x2°" 3x2%" 3x2°" 3

are used to be boundaries of x, . It is easy to see that limit of sequences / ,u, and a,

are —1/3which will be discuss after the proof of induction. Let P(n) be the following
statement:

“forx, e(l ,u,),

Xy =—2"x,—06,<0 and y,,,, =2"x,+35,-1>0
Xypn =—1 and y,, ., =-2""x,-258, +2<0
X, =2"""x,+25,-3 and y, ., =-2"x,-25, +2<0
if x, €(l,,0,,,]then x,,,, =2"""x,+25,-3<0, and so

Xypea =1 and y,,., =0

if x,e(l,,,,u,) then x, ,=2"""x,+25, -3>0,and so

x4n+4 = 22’”2 xO + 4§n - 7 and y4n+4 = O
if x, € [”m ,u,) then x,, , =2"""x,+45,-7>0,and so

Xypis = 22"+2x0 +4§n -9<0 and Vanss = 22n+2x0 +4§n —-6>0
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Xy =—2"""x, -85, +13<0 and y,, ., =—2

Xy, =2""x,+85 —13>0 and y, ., =-2""x,—85 +12<0
X5 =27 x, +168, =27 >0 and y,, =0

X0 =27 x, +168, —29 and y,,.,=2""x,+165,-26>0
if x, €[a,,u,) then x,,,, =2"""x,+165,-29>0, and so

Xguito = = and y,,.p =2

if x, € (u,,,a,)then x, ,=2""x,+165,-29<0, and so

X0 =—2""x, =328, +53<0 and y, ., =—2

Xy =2 x,+328,-53>0 and y, ., =-2""x,-325,+52<0
Xy =270, +645, 107 >0 and y,, ., =0

X5 =270, +645, —109 >0 and y, ., =2""x, +645, —106 >0
Xppi1s = and y,,.,, =2

if x,e(l,,,u,,) then x,, , =2"""x,+45, —7<07.Itis easy to show that P(1) is

n+1°

true. Let k be a positive integer and suppose that P(k) is true. Then for

_1_22k+2 1_22k+2
xoe(lk+1’uk+l):( 3X22k+1 73x22k+2}9

. _ A2n+2 _

we have:x,,,, =2"""x,+40,-7<0 and y,,., =0. Then
_ _ _ A2k42 A2k

Xaks1y+1 = Kakes = Xppea | = Vagea =2 =277 x,—-40,+5 =2 Xy =04 »
_ _  A2k+2 _ A2(k+D)

Yasny+1 = Vakes = Xakea ™ | Vagoa | 1 =277 x,+46, -6 =2 Xy +0,,—1.

By the boundaries of x,, (/

n+l>

u,, ), we can determine that x,,.,,, <0 and
Vagenysr > 0 Then we have: xy .0 0 = X6 = Xgpos | =Vgs =2 =1,

Vaoyrz = Varss = Xaps— | Vagos [ +1 = =20 Xy =20, +2.

Since Yyqinyr2 = =2 Vagonnr» We haver yyq ., <0. Thus

KXoz = Xager = Xypi6 | =Vapos —2 = 22(“1“1)50 +26,,,-3,

Yawsnyes = Vaksr = Xapre™ | Vagso | +1 = _22(k+1)+1xo —20,,+2.

Since Vo143 = Yawsryea » W€ have: Y, .5 > 0. But the boundaries of x;, cannot

determine X, ., ., whether it is non-negative or negative. We follow the inductive

statement by considering

Xy € (L 1k+2] = (

_1_22k+1 _1_22k+3
3X22k+l 4 3X22k+3
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which make x,,,,,; £0. Sox,q,,,, =—1 and y, ., =0. Thatis, the solution is

an equilibrium point. For the remain case

_1 _ 22k+3 1 _ 22k+2
Xy € (L5 Uis) :( }

3 x 22k+3 > 3 > 22k+2

which make x, ., .5 >0. We have: X, , = X5 = 222y +45,  —7 and

Vawsnia = Varss =0 . We continue this process following inductive statement to

verify P(k+1) is true by direct computation. We use the induction to conclude that
P(n) is true for every positive integer n. By the inductive statement P(n), we can
conclude as follows:

1. If x, € (ln,l,m] for some n, then the solution is equilibrium point in the next
iteration.

2. If x, € [u
(F1)-

We note that sequence /, is in the left side of its limit and sequences u,,a, are in the

.1 »U,,) for some n, then the solution is eventually prime period 4

right side of their limit. As mention earlier that the limit of / , u, and a, are —1/3.
So the solution of the system is eventually equilibrium point when choosing x,, in left
hand side of —1/3and is eventually prime period 4 when choosing X, in right hand

side of —1/3. For x, =—1/3, we have: (x,,y,)=(-1/3,0) € P,,. O

Next, we will study the system (2) with b =3, that is
x|-y,=3,y,.,=x-]y,|+,n=0,12,... Q)

n

'xn+1 =

and initial condition belong to S, . It is easy to verify that an ordered pair (—1,—1)

is a unique equilibrium point of system (5) and system (5) has two 4-cycles:

-5 ,-1 1,-3
P 3,-5 P l,-1
4.1 5.o1 2T
3,5 -3 ,-1

Let (x,,),)€S,.S0 x, €(—0,-3) and y, =0. Then

X =|x|= 3 =3 =-%-3>0and y, = x, —|y,|+1 =%, +1<0,

X, =|x|-» -3 =-2x,~7 and y, =x, —|y|+1=-1.

7
If x, € [_E’_3j then x, <0 and so
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Xy =|x, |-y, -3 =2x,+5<0 and y, = x, —|y,|+1=-2x,-7<0,

X, = |x3|—y3 —-3=-1land y, =x, —|y3|+ 1=-1. After 4 iterations, the solution
will be equilibrium point. Suppose that x, e(—oo,—%j then x, >0, we have:
X, =|x2|—y2 -3 =-2x,-9 and y, =x, —|y2|+1 =-2x,—-7>0.

If x, e(—oo,—%} then x; = 0. Thus (x4,y4)=(—5,—1)63:1.

If x, e(—%,—%) then x; <0.We have: x, =4x,+13<0 and y, =—1 Then
X5 =|x,| -y, =3 =—4x,~15 and y; =x, —|y,|+1 =4x, +13 <0.
If x, € [——,—%j then x; <0. Thus (xé,yG) =(—1,—1) . In this case the solution

will be equilibrium point in 6 iterations. We can summarize all above results that the

. 9
solution of system (5) is eventually prime period 4 (P, ;) when x, € (—oo, _E} and

is eventually equilibrium point when x, € [—?, —3). The remain interval that we

will investigate, is (—%,—%j .For x, € (—%, —%j ,we have x; =—4x,—15>0

. Then we will use an inductive statement to prove that the solution is eventually
equilibrium point or prime period 4 by using the following statement:

“for x, €(,,u,),
2n+1 —

Xypg =—27""x,-0, and y,, ., =-1
if x, €[c,,u,) then x,, , <0 and so

X4 =27""x,+6,-2<0 and y,, ., =-2""x,-5, <0,

Xgpeg =1 and yy,., =1
if x, €(/,,c,) then x,,,, >0 and so

Xyps ==2"""x, -5, -2 and y, ,=-2""x,-5,>0
if x, €(Z,,1,,] then x,, ;>0 and so

Xgprg =9 and Y., =—1
if x,€(l,.,,¢,) then Xx,, ;<0 and so

2n+2
Xppa =2""x,+28,-1<0  and y,, ., =-1
Xy,s =27 x, 268, -1 and y,, . =2""x,+25,-1<0
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<0 and so

if x, e[u c ) then Xx,,, ;<

n+l%~n
Xgpeg =1 and  yy,. =1

ifx, €(l,,,,u,,, ) then x,, >0

_22n+1 _1 B _22n+2 +1 _22n+3 +1

_ _ 2n+3_
2] U, = 2 ,Cp = S and 0, =2 1. We note

where [ =

that the limit of sequences / ,u, and a, are —4. For x,=-4 we have:
(xl, yl)=(l, —3)EP4_2 . The solution will be equilibrium point when selecting

X, E(—4, —3) and prime period 4 when selecting x, <—4. Hence, we have the
following theorem.
Theorem 2. Let {(xn Y, )}

0

_, be solutions of system (5) and initial condition (xo » Vo )

n

is in §, . Then the solution is eventually equilibrium point or prime period 4.
CONCLUSIONS

The solutions of system (4) with initial condition in S, and system (5) with

initial condition in S, have the same behaviors that is both systems have two attractors,

equilibrium point and 4-cycles. But in article (Krinket & Tikjha, 2015), 4 cycles are
only detected attractor to the system. This happened because of the restriction of initial
conditions and we chose initial condition in a basin of attraction of 4 cycles. So the
attractor of the system that studied in article (Krinket & Tikjha, 2015), may be more
than one attractor. This is a basic information about the global behaviors (by looking
at initial condition in x axis) of this family of piecewise linear system. In future work,
we will extend the initial condition into quadrants or entire xy-plan.
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