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ABSTRACT

The main goal of this paper is to investigate the Ulam stability of the new pexider
fuzzy number-valued functional equation via the metric related to the Hausdorff metric
defined on the class of special alpha-cuts of fuzzy numbers, where unknown variables are
fuzzy number-valued functions on a subspace of a Banach space. Our main result covers
many cases of stability results of the fuzzy number-valued functional equations.
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INTRODUCTION AND PRELIMINARIES

The stability problem of a functional equation which is related to a question
of Ulam (1940) concerning the group homomorphism was first partial answered by
Hyers (1941) for Banach spaces. Nowadays, many researchers studied this result and
investigated several stability results in many directions on various abstract spaces.

In 2011, the stability problem of the following functional equation was
investigated by Eshaghi et al. (2011):

f(%} f [%j: £(x), (L.1)

where f is a single value function. Recently, Wu and Jin (2019) first studied the

connection between the Ulam stability and the fuzzy number-valued functional
equation. They proved the stability of the above functional equation, where f is a

fuzzy number-valued mapping on a Banach space.
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Next, we recall some necessary notions and fundamental results which are
needed to prove the main result in this paper.

In this paper, N, R, R" denote the set of all natural numbers, the set of all
real numbers, and the set of all positive real numbers, respectively, X and Y
represent Banach spaces, B, (X) denotes the set of all non-empty compact convex

subsets of X, B is asubspace of Y.

Definition 1.1. Let X be a Banach space and u: X — [0,1] be a function satisfying
the following conditions:

(i)  [u]'={xeX:u(x)za}eR (X) forall a(0,];

(ii) [u]’ =cl{xeX: u( )> O} is a compact set, where the notation
"cl™ denotes the closure.

Then u is called a fuzzy number on X. The set of all fuzzy numbers on X
is denoted by X..

For u,ve X, 2R, the following properties concerning the addition

u-+v and the scalar multiplication A-u can be proven via the Zadeh extension
principle:
[u+v]” =[u]” +[v]" and [2-u]" =A[u]".

If u,ve X, we can define the distance between u and v by

D(u,v)=sup d ([u]a ,[V]a),

ae[O 1

where d,, is the Hausdorff metric. It is well known that (X.,D) is a complete

metric space, and D satisfies the following properties for all AR and
u,v,w,ee X,

(P1)  D(Au,Av)=|4|-D(u,v);
(P2)  D(u+w,v+w)=D(u,v);
(P3) D(u+v,w+e)<D(u,w)+D(v,e).
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In this article, we introduce the pexider fuzzy number-valued functional
equation which is a generalization of Equation (1.1) as follows:

rf( Syj+sg(x;ryj:2rh( ), (1.2)

S

where f,g,h are unknown fuzzy number-valued functions on a subspace of a

Banach space, r and s are given non-zero real numbers. The Ulam stability results
for the proposed fuzzy number-valued functional equation are proved.

MAIN RESULTS

In this section, we prove the stability of the functional equation (1.2) which
is a generalization of one of main results in (Wu & Jin, 2019).

Theorem 2.1. If fuzzy number-valued mappings f,g,h:B— X satisfy the

inequality
D(rf (ﬂj+sg(x_yj 2 (x )J 2.1)
S r S

for all x,yeB, where £>0, r,seR\{0}, then there exists a unique additive
35+5

mapping T:B—> X, such that D(T(x),h(x))< for all xeB, where

§:=D(rf (0),-sg(0)).
Moreover, if h(tx) is continuous at t e R for each given xe B, then T is
linear on B. Meanwhile, we obtain

D(f(x)+§g(0),T(x)j<

and

forall xeB.
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Proof. Letting y=0, y=x and y=-X, respectively, in (2.1), the following

inequalities hold:

for all xe B. It follows from (P1)-(P3) together with (2.2)-(2.4) that

D(h(x),%h(Zx))
_ L D(ﬂh(x),ﬁh(zx)j
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(2.2)

(2.3)

(2.4)

for all x e B. Setting h, (x)=h(x) and hn(x):zinh(Z” x) forall neN, we get the

following inequality:
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D(, (x).h,4(x)) = anl D(%h(znx),h(z“x)j< el (2.5)
2n+1 v

S

for all xeB and for all neN. By using (2.5), we can show that
D(h, (x).,h, (x))—>0 as m,n—oo. It yields that {h, (x)} is a Cauchy sequence in
X for every xe B. By the completeness of (XF , D), we can construct a mapping
T:B— X, by T(X):!mhn (x) for each x eB.

Next, we will show that T is additive. From Equations (2.1)-(2.4), we
obtain

_ 1 b Eh 2"x+2"y +£h 2"x—-2"y ,Eh(znx)j
on 2r S 2 S 2 S

oL e (2x+2 y], f(z X+2 y]+sg(0)J
nl2r S 2 S
2 =
s
— D(EhK2 X2 y),sg(z X= y]+ f(O)j
nl2r S 2 r
2 -
S
L1 D(rf[z X+ 2 y}rsg(Z X—2 yj,Zrh(an)]
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_35+§
onal
S

(2.6)
2n+1

for all x,y e B and for all ne N. By taking the limit in the above inequality, we
obtain

R R R CE A

forall x,yeB. Itfollows that T (x+y)=T(x)+T(y) forall x,yeB, thatis, T is
additive. Based on the inequality (2.5), we have

D(h(x),T(x))=limD(h(x),h, (x))

n—w

n

<lim > D (h_ (x),h (x))

n—o 4
i=1

. 3c+6
r

S

<lim
=<5 oitl

_3e+0
2

S
r

for all xeB.
In addition, if h(tx) is continuous at t e R for each given x e B, then

limT (ax) = lim |imih(2“ax)

a—a, a—a; n—>w PN

=lim |iminh(2“ax)

n—wa—>a; 2

=|imih(2“a0x)

nN—o0 2n

=T (a,x) (2.8)

for each a, e R and xeB. By the additiveness, T (cx)=cT (x) for each rational

number ce R and x e B. This fact, together with (2.8), ensures that T (cx) =cT (x)
foreach ceR and xeB. Asaresult, T is linear on B.
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Next, from the linearity of T and the inequality (2.3), we get

< D[f (x)+§g(0),§h(%xn+ D(%h[%),%T sx
:ﬁD(rf (x)+sg(O),%h(s—;D+éD(h(%),T

r 2r ([ rx 2r rx) r2 2r ([ rx 2r rx

<ol st 105 5 oo (5 ) E7(5 )

forall xeB.
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Finally, we will prove that T is unique. Suppose that there are two additive

3c+0|s
2

mappings T,,T,:B— X, satisfying D(h(x),T;(x))< for all xeB and

forall i=1,2. Foreach xe B, we get

D(T, (x).T, (X)) == D (T, (x).nT, (x))

SE(D(h(nx),T1 (nx))+ D(h(nx),T2 (”X)))

n
3c+0
n

S
mt

<

Taking the limitas n— oo in the above inequality, we obtain T, (x) =T, (x) for all
x € B. This completes the proof. m

We end this section by the following results which are obtained from the
above theorem.

Corollary 2.2. If fuzzy number-valued mappings f,g,h:B— X, satisfy the

inequality
D(sf (uj +5(Q (HJ,ZI’](X)] <¢
S S

for all x,yeB, where £>0, seR\{0}, then there exists a unique additive

3c+0 for all xeB, where

mapping T:B— X, such that D(T(x),h(x))<

5= D(sf (0),-s9(0)).
Moreover, if h(tx) is continuous at t e R for each given xeB, then T is
linear on B. Meanwhile, we obtain

D(f(x)+g<o>:<x>><4j§| °
and

D(g(x)+ £ (0).T(x)) “j; 4
for all xeB.

Proof. By taking r =s in Theorem 2.1, we get this result. m
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Corollary 2.3. If fuzzy number-valued mappings f,g,h:B— X, satisfy the

inequality
D(f [XLZ)/JJF g(%j,h(x)}«g

for all x,yeB, where ¢>0, then there exists a unique additive mapping

T:B— X, such that D(T(x),h(x))s682+5 for all xeB, where

§:=D(2f(0),~2g9(0)).
Moreover, if h(tx) is continuous at t e R for each given xeB, then T is
linear on B. Meanwhile, we obtain

8c+0
D(T(x). 1 (x)+9(0) <=
and
D(9(x)+ 1 (0).T(x) <22
for all xeB.
Proof. By taking r =s=2 in Theorem 2.1, we get this result. O

If we take all unknown functions in the above corollary are same, we get the
following result.

Corollary 2.4. If a fuzzy number-valued mapping f:B— X satisfies the

inequality
D(f(";yj+f£’(;23’j,f(x)]<g (2.9)

for all x,yeB, where &£>0, then there exists a unique additive mapping
T :B — X, such that

D(T(x), f (x))<5¢ (2.10)

for all xeB.
Moreover, if h(tx) is continuous at t e R for each given xeB, then T is

linear on B.
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Proof. From (29), we get D(2f(0),f(0))<e This implies that
D(8f(0),4f(0))<4s and so 5:=D(2f(0),-2f(0))<4e. By using Corollary

2.3, We get this result. m

It points out that the right-hand side of (2.10) is obtained from Corollary
2.3. However, we can omit some step in the proof of Theorem 2.1 whenever
f =g =h. This leads to the following results which is the main result in (Wu & Jin,

2019).

Corollary 2.5 (Wu & Jin, 2019). If fuzzy number-valued mappings f:B — X.

satisfy the inequality
D(f(u}f(ﬂj,f(x)}g
2 2

for all x,yeB, where &>0, then there exists a unique additive mapping
T:B— X, suchthat D(T(x), f (x))<¢ forall xeB.

Moreover, if h(tx) is continuous at t e R for each given xe B, then T is
linear on B.

CONCLUSIONS

We established Ulam stability results of the following functional equation
via the metric related to the Hausdorff metric defined on the class of special alpha-

cuts of fuzzy numbers:
X+Yy X—y\) 2r
rf | —= |+sg| — |=—h(x),
S r S

where f,g,h are unknown fuzzy number-valued functions on a subspace of a

Banach space, r and s are given non-zero real numbers. Furthermore, we have
shown Ulam stability results from the reduced above functional equation.
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